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OBSERVABLE ZERO-SOUND IN STRONGLY CORRELATED METALS
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Abstract
The slow zero-sound mode expected near the Mott transition in strongly interacting two-
dimensional Fermi systems that are neutral is shown to persist as the physical sound mode
in the case that the fermion carries electronic charge and is embedded in a positive ionic
background. The latter sound velocity softens completely precisely at the Mott transition,
indicating that a zone-center structural transition will occur in the system. We suggest
that this phonon-softening mechanism is related to the structural transitions commonly
observed in the oxide superconductors.
PACS Indices: 71.27.+a, 71.45, 63.20.K, 74.20.Mn
* Permanent address: Dept. of Physics and Astronomy, California State University, Los
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The realization that the conduction electrons in the Copper-Oxygen planes common
to all high-temperature superconductors experience strong repulsive interactions has mo-
tivated the ongoing theoretical study of strongly interacting fermions in two dimensions.1
The simplest theoretical description of this physics for electron densities approaching the
antiferromagnetic Mott transition is given by the t − J model on the square-lattice,2,3
where double occupancy of electrons at each site is strictly excluded. The latter constraint
can be elegantly accounted for by the introduction of an auxiliary slave-boson field, bi,
such that the original electron field, ciσ, is replaced by the composite field, ciσb
†
i , along
with the new constraint, ∑
σ
c
†
iσciσ + b
†
i bi = 1. (1)
Certain mean-field treatments based on this formulation of the t− J model that allow for
dynamics in the slave-boson field lead to spin/charge separation of the strongly correlated
electron. As a result, the latter break-up of electronic quantum numbers manages to
reconcile the experimental observation of an electron-type Fermi surface in conjunction
with hole-type charge transport in the normal state of the oxide superconductors.2−5 Such
mean-field spin/charge separated treatments, however, over-estimate the size of the Hilbert
space allowed by the constraint against double occupancy (1);6 e.g., the constraint against
double occupancy at a particular site is violated.
Beyond the mean-field approximation, however, there exist fluctuations of the statis-
tical gauge field, Aµ, generated by the internal gauge symmetry (ciσ, bi)→ (e
iθiciσ, e
iθibi)
that mediate interactions between the spin/charge separated species. In particular, slave-
boson scattering off of such gapless transverse gauge-field excitations results ultimately in
a linear-in-T prediction for resistivity in the fluxless (“strange”) metallic phase of the t−J
model that is consistent with transport measurements in the normal phase of the oxide
superconductors.4 It has been pointed out by the author, however, that a gapless pole is
also shown by the longitudinal component of the statistical gauge-field, which is directly
tied to the constraint against double occupancy (1).5 Physically, this mode is a slow zero-
sound mode with a velocity given by c0 ∼ (tJx)
1/2, where x denotes the concentration
of holes.5 (Throughout this paper, we set h¯, kB , and the lattice constant, a, to unity.)
Unlike the case of a conventional Fermi-liquid, where sound excitations that are slower
than the Fermi velocity become over-damped by the particle-hole continuum,7 the slow
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zero-sound mode in question remains under-damped because of spin/charge separation.8
Recently, Hlubina et al. have shown that including such longitudinal gauge-field fluctua-
tions, in general, results in an entropy reduction.6 In fact, they found that the addition
of the spin/charge separated quasi-particle entropy with the entropy “generated” by the
gauge-fields agrees quantitatively with a calculation of the entropy for the t− J model on
the square-lattice that is based on a high-temperature expansion.6 Therefore, the intro-
duction of the longitudinal gauge-field cures the Hilbert space size problem existing in the
mean-field approximation mentioned above, thereby demonstrating that the presently dis-
cussed gauge-field theory is a consistent low-energy effective theory of strongly interacting
electrons in two dimensions. Note that a very similar slow zero-sound mode also appears
in the anyon superconductor saddle-point of the t− J model near half-filling.9
In this Letter, we show that the above-cited slow zero-sound mode existing in neu-
tral two-dimensional (2D) Fermi systems near the Mott transition5,9 persists when such
fermions are promoted to physical electrons embedded in a positive ionic background.
In particular, we compute the sound velocity for a strongly interacting electron liquid
embedded in a featureless jellium background and find that it interpolates continuously
between the standard Bohm-Staver result for first sound at hole densities far from the
Mott transition10 and the slow zero-sound velocity at hole densities approaching the Mott
transition (x→ 0). We therefore argue that a zone-center structural transition will be in-
duced at the Mott transition, where the sound speed softens completely. We also compute
the renormalized velocity of acoustic phonons coupled to the same strongly interacting
electron liquid via the standard electron-phonon interaction and find very similar results.
(It is implicitly assumed in the latter calculation that the long-range Coulomb interaction
is screened by some other type of free charge carriers in the system.)
Zero-sound + Jellium. The longitudinal dielectric constant for any electronic liquid
embedded in a positive jellium background may be expressed as
ǫ(~k, ω) = 1−
Ω2i
ω2
+
Ω2e
c20k
2(1 + iν1ρF
ω
k
)−1 − ω2
(2)
in the long wavelength limit, where Ωe and Ωi denote the plasma frequencies of the
electron liquid and of the positive jellium background, respectively, and where the zero-
sound velocity, c0, is related to the Fermi-Thomas wave-vector of the electron liquid,
3
kFT = (4πe
2ρF )
1/2, by
Ωe = c0kFT . (3)
Above, ρF represents the density of states at the (pseudo) Fermi surface. Also, the pref-
actor, ν1, to the Landau damping term in eq. (2) is of order unity for |ω/k| < vF , where
vF denotes the (pseudo) Fermi velocity, while it vanishes otherwise. In the case of the
spin/charge separated “strange” metal phase of the square-lattice t − J model at hole
concentrations near half-filling (x→ 0),5 the electronic plasma frequency is given by that
of the holes, Ω2e = (32/π)(e
2/d)tx, while the density of states at the pseudo Fermi surface
is given by ρF
>
∼ (dJ)−1. (We presume that an infinite stack of such t − J models, each
separated by a distance d, fills three-dimensional space.) Hence, eq. (3) implies that the
zero-sound velocity is approximately c0 ∼ (tJx)
1/2 in this case,5 as we quoted earlier. The
spectrum for the collective charge-modes of this system is determined by the characteristic
equation ǫ(~k, ω) = 0, which yields the following two solutions:
ω−(~k) =csk
(
1 +
i
2
ν1ρF cs
)
, (4a)
ω+(~k) =
[
Ω2e +Ω
2
i + c
2
0
(
1 +
c21
c20
)−1
k2
]1/2
, (4b)
where the sound speed is given by
cs = (c
−2
0 + c
−2
1 )
−1/2, (5)
and where the bare first-sound speed, c1, is related to the plasma frequency of the ionic
background by10
Ωi = c1kFT . (6)
In deriving the dispersion for the sound mode (4a), it has been assumed that the Landau
damping is a small perturbation, ν1ρF cs ≪ 1, which in the case of the “strange” metal
phase of the t− J model implies that tx≪ J .5
Above, we have obtained the acoustic sound mode (4a) and the plasma oscillation (4b)
generally expected in a two-component plasma.11 In the case of a conventional metal, where
the first-sound speed is much smaller than the zero-sound speed (c1 ≪ c0), we recover the
well-known result that the zero-sound mode is “pushed-up” to the plasma frequency,7 while
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that the sound speed is given by the Bohm-Staver result,10 c1. (Note that transverse zero-
sound is predicted to exist both in charged Fermi-liquids12 and in conventional metals.13)
On the other hand, for hole-densities approaching the Mott transition such that Ωe ≪ Ωi,
the sound speed (5) is then approximately that of zero-sound; i.e., cs ∼= c0. Hence, precisely
at the Mott transition, where Ωe = 0 and c0 = 0, Eq. (4a) indicates that the acoustic
phonon mode softens completely, suggesting that a zone-center structural transition will
occur in the system.
Zero-sound + Phonons.5 Consider now the case of the very same strongly interacting
electron liquid with a dynamic compressibility [see the last term in eq. (2)] given by
κ(~k, ω) = ρF
[(
1 + iν1ρF
ω
k
)−1
−
ω2
c20k
2
]−1
(6)
that couples to acoustic phonons via the conventional electron-phonon interaction. Then
standard diagrammatic techniques based on Dyson sums yield that the renormalized
phonon propagator, D(~k, ω), satisfies
D−1 = D−10 + g
2κ, (7)
where D0(~k, ω) = c
2
1k
2(ω2 − c21k
2)−1 is the bare phonon propagator and g denotes the
coupling-constant for the electron-phonon interaction.14 Substituting (6) into (7), we find
that the renormalized phonon propagator, D(~k, ω), has poles of the form [ω − c±k −
iγ±(~k)]
−1, with phonon velocities and damping rates given by
c± =
{
1
2
(c20 + c
2
1)±
1
2
[(c20 − c
2
1)
2 + 4ρF g
2c20c
2
1]
1/2
}1/2
, (8a)
γ±(~k) =
1
2
ν1ρF c
2
0k
{
1
2
±
1
2
c20 − c
2
1
[(c20 − c
2
1)
2 + 4ρF g2c20c
2
1]
1/2
}
. (8b)
In deriving the dispersion for the phonon modes (8a,b), it has been assumed that the
Landau damping is a small perturbation; i.e., γ±(~k) ≪ c±k. This again requires that
ν1ρF cs ≪ 1, which implies that tx ≪ J for the case of the “strange” metal phase of the
t− J model.5
We see above in eqs. (8a) and (8b) that the coupled electron-phonon system results
in two acoustic modes that are weakly damped. As shown in Fig. 1, the two branches of
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velocity exhibit level-repulsion characteristic of reactively coupled modes. In the con-
ventional metallic regime, where c1 ≪ c0, while we do recover the well-known result
c− ∼= c1(1 − ρF g
2)1/2 for the renormalized phonon velocity,14 we also obtain an observ-
able zero-sound branch with velocity c+ ∼= c0. The latter result appears to contradict our
previous calculation in the jellium system, which found that the zero-sound mode was pro-
moted to the plasma frequency in this regime. However, it can be shown that the presently
obtained acoustic modes can be recovered in the former jellium model as long as the vac-
uum dielectric constant, ǫ0 = 1, in Eq. (2) is replaced by one with static screening;
15 i.e.,
ǫ0 = 1+ k
′2
FT /k
2. Such static screening could result from the existence of some other type
of charge-carriers in the system.5 On the other hand, in the limit approaching the Mott
transition, where c0 ≪ c1, eq. (8a) indicates that the renormalized phonon velocity, c−,
evolves continuously into the zero-sound velocity, c0 (see Fig. 1). Hence, just as in the
previous case of the jellium model, this phonon will soften completely at the Mott transi-
tion, c0 = 0, suggesting that a zone-center structural transition will occur in the system.
Last, we take this opportunity to point out that the preceding result corrects previous
work by the author,5 where it was erroneously asserted that complete phonon softening
occurs when c0 = c1.
Observability. We have shown above that slow zero-sound evolves continuously into
the first-sound mode in strongly correlated metals near the Mott transition. The conditions
for the observability of such a mode are therefore (a) that it exist in the neutral system, and
(b) that the plasma frequencies satisfy Ωe
<
∼ Ωi. For the case of the spin/charge separated
“strange” metal phase of the t − J model in two dimensions,4 the former requirement
reduces to the acoustic-plasmon type existence condition,5,11
vB ≪ c0 ≪ vF , (9)
where vB denotes the characteristic velocity of the slave-bosons (holons), and where vF
denotes the characteristic velocity of the pseudo-fermions (spinons). Near half-filling, since
vF ∼ J and c0 ∼ (tJx)
1/2, the righthand side of eq. (9) implies (i) that tx ≪ J . Now
suppose first that no superfluid transition exists in the spinon component. It can then
be shown that the holon Bose-condensation transition16 is suppressed to zero-temperature
by chiral spin-fluctuations,17,18 which implies that the characteristic velocity of the holon
liquid is given by the thermal velocity, vB ∼ (tT )
1/2, at all temperatures T . Hence, the
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lefthand side of eq. (9) implies (ii) that T ≪ Jx, in this case. These results indicate,
therefore, that slow zero-sound exists in strongly interacting 2D Fermi systems near the
Mott transition and at low-temperature when Cooper pairing instabilities in the spinon
fluid are suppressed. If, on the other hand, we suppose that there does indeed exist a
superfluid transition in the spinon component at a critical temperature, TF , then the crit-
ical temperature of the physical superconducting transition will be given by the geometric
mean Tc = (T
−1
F + T
−1
B )
−1 < min(TF , TB), where TB ∼ tx is the Bose-Einstein condensa-
tion temperature of ideal holons.18 In such case, the characteristic velocity of the holons is
given by vB ∼ (tTc)
1/2 in the superconducting phase, and the lefthand side of eq. (9) then
implies (iii) that Tc ≪ Jx. However, for t > J , the latter inequality can only be satisfied
at hole concentrations beyond that which optimizes Tc, since Tc ∼= TB ∼ tx for small hole
concentrations, x → 0. In the context of the oxide superconductors, therefore, the above
discussion suggests that slow zero-sound of the type sketched here is observable in the
optimally-doped to over-doped regions of the phase diagram, where spin-gap behavior in
the normal state is absent.16−19
It is interesting to remark that structural transitions in the cuprate superconductors
are known to occur precisely in the above regime.20 This observation should be tempered,
however, by the fact that the oxide superconductors appear to be far from a Mott transition
at such hole concentrations (x >∼ 0.1). In particular, the condition (b) Ω2e
<
∼ c21k
2
FT for
proximity to the Mott transition yields an upper bound of x <∼ (c1/ta)
2(2t/J) ∼ 0.01 for
the hole concentration in this case,5 where we have taken Ω2e ∼ 10tx(e
2/d), along with
model parameters t/J ∼ 5, t = 0.5 eV, a = 4 A˚, and a first sound speed c1 ∼ 10 km/s
characteristic of such materials.21 Mean-field treatments of the square-lattice t− J model
find,9 however, that the metallic saddle-points become unstable to a Mott insulator at
tx <∼ 0.02J . Hence, slow zero-sound should be observable within a window of mobile hole
concentrations satisfying 0.001 <∼ x <∼ 0.01 in the oxide superconductors.
In summary, the main result established in this paper is that the slow zero-sound
mode that appears in certain spin/charge separated treatments of the problem of strongly
interacting electrons in two dimensions near the Mott transition5,9 is observable, in the
presence of an ionic background, as the physical sound mode for hole concentrations that
satisfy Ωe ≪ Ωi. On the other hand, far from the Mott transition in the conventional
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metallic regime, Ωe ≫ Ωi, it evolves continuously into the standard Bohm-Staver first-
sound mode.10 The former result also implies that the sound speed softens completely
precisely at the Mott transition, Ωe = 0, which suggests that a zone-center structural
transition will occur in the system. It is useful to compare the present mechanism for
electronically driven zone-center structural transitions with those based on strong electron-
phonon coupling,14 ρF g
2 = 1, and with mechanisms for zone-edge structural transitions
that rely on the appearance of a Peierls distortion in the system.22 Last, since the present
results rely essentially on the collapse of the Drude weight near the Mott transition, they
could well be valid for any strongly interacting Fermi system in two dimensions. Such is
the case for example in one dimension, where the velocities for collective charge excitations
in the Hubbard model and in the t−J model vanish at half-filling in an identical fashion.8
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Figure Caption
Fig. 1. Shown are the two branches, c− and c+, of the renormalized phonon velocity, cs, as a
function of the zero-sound velocity, c0, where the electron-phonon coupling strength
is fixed at ρF g
2 = 0.2 [see eq. (8a)]. The horizontal dashed line represents bare first-
sound,10 cs = c1, while the diagonal dashed line represents bare zero-sound, cs = c0.
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